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Abstract 
The existence of a joint in composite slabs is interpreted as the occurrence of a contact layer in a homogenous monolithic slab. As a result, 
a reinforced concrete composite slab model is comprised of a serially joined element describing the properties of a monolithic slab and an 
element describing the influence of a contact layer. The reinforced concrete slab model was verified based on investigations into the 
decay of free vibrations of five composite slabs and one monolithic slab. It was evidenced that the model's structure is correct. It was also 
revealed that in case of composite slabs the destruction of which was accompanied by delamination, stiffness and the decay of an element 
describing the influence of a contact layer are characterised by non-linearity. This finding sets a basis for the currently developed method 
of forecasting the bearing capacity of reinforced concrete composite slabs according to delamination. 
© 2013 The Authors. Published by Elsevier Ltd.  
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1. Introduction 
Reinforced concrete composite slabs [1] consist of a prefabricated part (1 – Fig. 1) and of the co-working concrete 
 (2 – Fig. 1) laid on site [2-4]. 
Fig. 1. Reinforced-concrete composite slab: 1 - prefabricated part, 2 - concrete laid on site, 3 - joint in composite slab 
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The article [5-6] presents a model of a reinforced concrete floor with a single degree of freedom. This paper refers to this 
model, its analysis is performed herein and the results of experimental investigations into five composite slabs and one 
monolithic slab are presented. 
The existence of a joint in composite slabs (3 – Fig. 1) is interpreted as the occurrence of a contact layer in a 
homogenous monolithic slab [5-6]. The existence of this layer causes the displacements of the bottom layer relative to the 
top layer and lower stiffness of a composite slab relative to a homogenous monolithic slab. This results in the larger 
deflection of the composite slab as compared to deflection of the monolithic slab, with the same load applied [7]. 
1.1. Linear model of composite slab 
A model of a composite slab with the single degree of freedom consists of the two serially-connected elements: a Kelvin-
Voight element [8], [9] (Fig. 2a) representing properties of monolithic slab and Maxwell element representing the influence 
of contact layer (Fig. 2b). The vibrations of the linear composite slab model of one freedom degree are expressed with the 
relationship (1) [5-6]. The factors for the third and first derivative of the function y are responsible for damping. 
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The solution of Eq. (1) is [6], [10] 
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where values 
w,m
'n and α  are responsible for damping and 
w,m
'ω  is the angular frequency of the model. The structure 
of the equation (1) corresponds to a Bürgers body [11]. 
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Fig. 2. Elements of the model: an element modeling a monolithic slab (a); an element modelling a joint (b); structure of the composite slab linear model (c) 
1.2. Models of nonlinear damping 
The models of damping in the Kelvin-Voight and Maxwell elements are referred to as linear models [12]. If 
displacements occur during vibrations accompanied by kinetic friction, then damping is modelled with a friction force with 
its sense opposite to the velocity [13] 
 ( )yTR sgn=  (3) 
where T is the force of friction. 
Nonlinear damping in the form of kinetic friction can be linearised by introducing a substitute coefficient [14]  
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where A – vibrations amplitude, ω0 – angular frequency of the system's vibrations. The value of the coefficient c  is 
decreasing as the amplitude of vibrations is growing. 
The inelastic restoring force for internal friction in the material is described as a value dependent on the amplitude of 
vibrations (A), displacement (y) and the material parameter (β) and is expressed with the following dependence [13] 
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If different causes exist in the system causing damping, mixed damping models are used that consider at the same time 
the proposals of viscotic damping and Equations (3), (5). 
2. Analysis of linear model  
The presence of the derivative d
3yw,m/dt
3 in (1) does not influence the solution largely. This comes from the fact that the 
value of the factor for d
3yw,m/dt
3 is small in relation to factors with the derivatives of lower orders. If the factor for d3yw,m/dt
3  
is omitted, the equation of the composite slab's vibrations is expressed as a differential, second-order equation, 
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The solution of equation (6) is common function [10] 
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To demonstrate that the simplification assumed is correct, the solutions of the Equations (1), (6) are compared. A 
solution of the characteristic equation of the dependence Eq. (6), if the system is performing free vibrations, are two 
complex conjugate roots, i.e. n ± iω [10]. Moreover, a solution of the characteristic equation of the dependence Eq. (1), if 
subcritical damping occurs, are two complex conjugate roots – n’ ± iω’ and one real root α. Table 1 presents a comparison 
of the values (n′, ω′) with the values (n, ω). Moreover, the table also contains the values of the real root α of the 
characteristic equation of the dependence Eq. (1). The calculations are carried out for the smallest, physically feasible value 
kw = (1674 / 4157) × km with km changing from 5.0×10
6 N/m to 2.0×107 N/m and the constant d = 30. The monolithic slab 
damping coefficient cm was determined by assuming ζm = 1.5% (part of critical damping corresponding to a monolithic slab 
mkc
m mm
2/=ζ ). The value km = 2.0×10
7 N/m corresponds to a monolithic slab with the section of (b/h) 
590 mm / 180 mm, span l = 3000 mm and the modulus of concrete elasticity of E
c
 = 40 GPa. The difference in the value of 
the parameter n′ describing the damping of vibrations in relation to the relevant value of the damping parameter n is up to 
6.2%. In addition, the difference in the value of the parameter ω' describing the frequency of vibrations in relation to the 
relevant value of the parameter ω is up to 0.30%. The influence of the real root α on the parameters of vibrations is 
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negligible due to its substantial value as compared to the parameter n (the segment of the equation (2) where α occurs 
disappears immediately). With the unlimited growth of stiffness kw, the stiffness of the composite slab kw,m is approaching 
the stiffness of the monolithic slab km, and the Equations (1), (6) assume the form of a commonly known equation of a 
monolithic slab's free vibrations 
 0
mm
=++ ykycym  . (10) 
In such case, obviously 
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Considering small differences in the calculated parameters of composite slabs' vibrations according to the Equations (1), 
(6), the author will be using the Eq. (6) further in the paper when investigating the damping of a model of a reinforced 
concrete composite slab's vibrations. 
At the end of this section it is indicated that if the top and bottom layers work independently, then such system is 
characterised by stiffness kg,d and the angular frequency of the system's vibrations is 
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Table 1. The values n’, ω’ and α forming part of the solution for the characteristic Eq. (1) and values n and ω forming part of the solution for the 
characteristic Equation for the Eq. (6) for the different stiffnesses km 
km  [N/m] n’ [1/s] ω’ [rad/s] α [1/s] n [1/s] ω [rad/s] 
2.0×107 10.97 122.55 10749 11.65 122.36 
1.5×107 10.93 105.99 9310 11.51 105.80 
1.0×107 10.88 89.30 7603 11.34 86.12 
0.5×107 10.81 60.53 5379 11.12 60.35 
3. Experimental investigations of composite slab 
The research was made for six freely supported slabs, each 3300 mm long, b = 590 mm wide, h = 180 mm high with the 
span length of l = 3000 mm (Fig. 3). The following five slabs, i.e. P1, P3, P4, P5,  P6 were composite slabs, and one, P2, 
was a monolithic slab. The height of the composite slabs’ top layer (hg) was 110 mm and the bottom (hd) was 70 mm. 
Span reinforcement of each slab consisted of six ribbed bars with the diameter of 20 mm, the axis of which was 30 mm 
away from the bottom layer of the slabs. Vertical reinforcement in form of two trusses made of smooth bars with the 
diameter of 6 mm was used for five of the slabs, i.e. P1, P2, P3, P4, P6 (Fig. 3). 
Four types of the joint surface were made for the composite slabs (Figs 3-4): a smooth surface – levelled with a trowel 
(P1, P6), a smooth surface made using a mould made of shuttering plywood (P3), with 5/5 mm indentations every 50 mm 
made as a mould cast made of shuttering plywood (P5) and with adhesion removed at the entire width of the cross section 
(P4) and with adhesion removed at the partial width of the cross section (P6). The width of the joint bi was the same as the 
width of the slabs and was limited in one case to 200 mm (P6 slab). 
The investigations into the decay of free vibrations were carried out for two conditions of slabs, identified as "0" and "II". 
The slabs in the condition "0" were not previously loaded with any external load. The condition "II" corresponded to the 
condition of slabs after load with the maximum concentrated force (QII) applied in the center of span and then unloaded. The 
bottom layer displaced relative to the top layer (delamination – Fig 5a) in the slabs P1, P4 and P6 after applying force QII, 
and the span reinforcement plasticised (Fig. 5b) in the slabs P2 and P5, and the slab P3 was destroyed through shearing. It 
should be noted, however, that all the slabs in the condition "II" maintained their bearing capacity, and a change in relation 
to the condition "0" resulted from the occurrence of vertical cracks or from displacement within the joint  
(delamination - Table 2). Shearing took place in one case – the slab P3. 
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Fig. 3. The research elements: longitudinal section through the slab and cross section through the slab 
P1 P3 
 
P5 
 
P2 P4 P6 
 
Fig. 4. Concreting of a monolithic slab (P2) and composite slabs' joint surfaces: P1 – a smooth surface – levelled with a trowel, P3 – a smooth surface made 
using a mould made of shuttering plywood, P4 –  adhesion eliminated by means of two layers of film smeared with oil, P5 – with 5/5 mm indentations 
every 50 mm made as a mould cast made of shuttering plywood, P6 – a smooth surface levelled with a trowel with the joint width limited to 200 mm 
                                                     Table 2. Parameters of tested slabs: joint width bi, the maximum force QII loading the slab and failure mode 
Slab 
bi QII Failure mode  
Slab 
bi QII Failure mode 
[mm] [kN] [mm]  [mm] [kN] [mm] 
P1 590 165 delamination  P4 0 45 delamination 
P2 --- 265 plasticise of span reinforcement  P5 590 270 plasticise of span reinforcement 
P3 590 260 shearing  P6 200 74 delamination 
 
(a) (b) 
Fig. 5. Failure modes (a) delamination (b) yield of the bottom reinforcement 
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The investigations were carried out on a stand shown in Figure 6 and consisting of, apart from the tested slabs (1), a steel 
frame with a spandrel beam (2) mounted to a heavy duty slab (3), supports with articulated bearings (4) and strut (5). In 
order to perform free vibrations, a forcing unit, consisting of a tube and a threaded bolt (6), was arranged at the span centre 
of the slab on the top surface. The forcing unit was expanded against the frame with a spandrel beam and then slab bending 
of 2 mm was forced by untightening the bolt. The location where the force was applied was consistent with the antinode of 
the first form of vibrations. The forcing unit was then removed using a hammer, and the unloaded slab was performing free 
vibrations as a result. 
Vibrations were measured by means of a piezoelectric acceleration sensor (7 – Fig. 6a) with the sensitivity of 100 mV/g, 
the measured frequencies range of 0.3 ÷ 4000 Hz, and the measuring range of ±500 m/s
2 [15]. The results of the 
measurements were recorded at the frequency of 2048 Hz. 
(a) (b) 
Fig. 6. Test stand: 1 – tested slab, 2 -  steel frame with spandrel beam, 3 - heavy duty slab, 4 – support, 5 – strut, 6 – forcing unit, 7 – piezoelectric 
acceleration sensor (a); View of the Test stand (b) 
4. Results of the damping investigation 
Vibrations acceleration values were achieved in the sensor mounting location, recorded every 0.488⋅10
–3 s, as a result of 
the measurements. The accelerations recorded contain information on vibrations corresponding to different forms [15]. This 
derives from the fact that the slab bending line caused by loading with a concentrated force differed from the first form of 
vibrations. The signal achieved was filtered with a low-pass filter with infinite impulse response (IIR). A curve of 
acceleration ÿ(t) corresponding to the first form of free vibrations was produced as a result of the filtering operation.  
The double integration of the signal ÿ(t) was then performed. The result of this operation is a curve of displacements y(t) 
corresponding to the first form of vibrations. 
An appropriate envelope A(t) of the signal y(t) was then made, i.e. a chart of a temporary value of the displacement 
amplitude was created as a function of time (Fig. 7) [16].  
An ordinate of the displacement amplitude envelop chart (A) was divided into 6 intervals (i = 1, .., 6) with equal lengths 
in the logarithmic scale. The ends of such intervals are determined by the amplitudes A with the following values (Fig. 7): 
interval i = 1 for A > 1 mm, i = 2 for A œ(1 mm, 0.3163 mm), i = 3 for A œ(0.3163 mm, 0.1 mm), etc. Due to the fact that the 
envelope was available in the digital form, a set of points in the coordinates (t, A) corresponds to each interval.  
An exponential function Ai(t) = Aie
-nit (i = 1, .., 6) best describing such sets was assigned to each set of points in the 
coordinates (t, A – Fig 7). The values of the factors (ni) were obtained for all the slabs and the investigated intervals of the 
amplitude A  for the slabs being in the condition "0" and in condition "II". 
The damping ratio of the first vibrations form (ζi), in case of each interval of amplitude, was determined by having the 
value of the damping parameter (ni) and the corresponding frequency of vibrations (fi), as the following quotient 
 ii
k,i
,
n
n
ζ =  (13) 
where the critical damping parameter value (nk,i) equals the angular frequency of undamped vibrations ω0,i determined 
according to the following dependence  
 ( ) 2i
2
ii0, 2 nf += πω . (14) 
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The dependence ζ(A) is shown graphically in Figure 8a (the slabs in the condition "0") and in Figure 8b (the slabs in the 
condition "II"). 
The damping ratio in the condition "0" for the slabs P1, P2, P3 and P5 was approximately constant for the amplitude of 
vibrations between 0.001 mm and 0.01 mm and varied between 0.8% and 2.5%, see Fig 8a. For the slabs characterised by 
the smaller stiffness of the contact layer, i.e. the slabs P4 and P6, the factor ζ, for the amplitudes of between 0.001 mm to 
0.01 mm, was also assuming approximately a constant value between 0.8% and 2.2%. Then, the value ζ for the amplitudes 
of between 0.01 mm and 0.15 mm was growing to over 5% for the slabs P4 and P6, and suddenly started to fall after 
reaching a maximum value, see Fig. 8a. 
The similar relationships were seen for the slabs in the condition "II", and a marked growth in the value of the fraction ζ 
to approx. 7% was recorded in the first place, and then a decrease was seen for the amplitude of vibrations of 0.15 mm, 
including also for the slab P1, Fig. 8b. Higher damping was also observed in the condition "II" for the slabs P2, P3 and P5 
as the amplitude was growing from approx. 0.8% to approx. 3%, and the growth was constant and approximately 
proportional to the amplitude of vibrations. 
 
 
Fig. 7. Analysis of the envelop A(t) 
 
 (a) (b) 
Fig. 8. The value of the damping ratio ζ of the first form of the slabs' vibrations according to the amplitude of vibrations (A):  
in “0” condition (a), in “II” condition (b) 
5. Interpretation of results of investigations into the damping of vibrations 
An analysis of the relationship shown in Figure 8a shows that the damping of P2 monolithic slabs and composite slabs, 
which have not been destroyed by delamination, is approximately constant. It means that in case of slabs P3, P5, the 
existence of a concrete connection does not affect vibration damping. In the case of slabs the destruction of which is 
accompanied by delamination (P4 and P6) after applying QII force, damping was increased with increasing amplitude. This 
means that the presence of a joint of two concretes in those slabs influenced the damping. 
5.1. Interpretation of results based on a model of a composite slab 
Considering the composite slab model shown in Figure 2c it was found that growth in damping (ζ) with the increasing 
amplitude (A) is caused by the reduction of stiffness kw. 
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The relationship kw from the amplitude was described by introducing initial stiffness k0,w and by estimating a decrease in 
stiffness according to the exponential function 
 w 0,w( ) e .
Ak kA −=  (15) 
This signifies that the factors for the function y and the derivative dy/dt are not constant but depend on the amplitude A. 
This leads to a non-linear differential equation describing the vibrations of the composite slabs. By the analogy to the 
dependence (6), an equation of non-linear model vibrations is denoted in the following form 
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where kw(A) according to (15), and cw,m(A) by the analogy to (7) is expressed with the dependence 
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A damping ratio in the non-linear composite slab model is a function depending on the amplitude of vibrations  
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where the stiffness of the composite slab is also a function of the amplitude 
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As the amplitude of vibrations increases, once the maximum value of the critical damping fraction is reached, the bottom 
layer is displaced relative to the top layer. The above results in the occurrence of kinetic friction forces in the joint whereas 
the system is characterised by limit stiffnesses kg,d. 
A substitute viscotic damping coefficient in the joint, after slip has occurred, see dependence Eq. (4), equals  
 
πω dg,0,
Tw,
4
A
T
c = , (20) 
where ω0,g,d is the angular frequency of vibrations of delaminated slab. 
The substitute damping ratio in the joint decreases along with the amplitude of vibrations meaning that also the damping 
ratio calculated from the dependence 
 
m
cc
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Tw,m
mw,
2ω
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+
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is decreasing after the bottom layer has been displaced relative to the top layer. 
5.2. Interpretation of results based on a model of nonlinear damping 
By assuming that linear damping in the bottom and top layers is described as viscotic damping, and constructional 
damping occurs in the contact layer, described with the dependence Eq. (5), the damping force R depends on the three 
values, i.e. A, y and dy/dt, and is  
380   Krzysztof Gromysz /  Procedia Engineering  57 ( 2013 )  372 – 381 
 ( )
2
2
2
1,,
A
y
AycyyAR
m
−+=
π
β
  (22) 
and an equation of composite slab vibrations with a single degree of freedom has the following form 
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where the stiffness of the slab kw,m(A) is calculated according to (15). 
It is assumed for the purpose of other analyses, that the amplitude of vibrations changes slowly, meaning that 
 tAy
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Taking into account Eq. (24), the substitute viscotic damping coefficient was obtained  
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hence the damping ratio 
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Fig. 9 compares variations in the damping ratio determined according to the tests of the slabs P1, P4 and P6 with the 
damping ratio calculated according to the internal damping model ([12] dependence Eq. (26)). The author's proposal of a 
non-linear description of damping in composite layer is also provided in the figure, consisting of two phases. In the first 
one, when the continuity of the contact layer strains and the horizontal shear strains are counterbalanced by the forces of 
internal friction, the critical damping fraction is described by the dependence Eq. (18). In the second phase, when the 
continuity of strains in the contact layer is broken and the damping ratio is described with the dependence Eq. (21). The 
comparison in Fig. 9 reveals that non-linear damping, with the continuous strains of the contact layer, is described correctly 
both, with the proposal Eq. (18), Eq. (21) as well as Eq. (26). The proposal Eq. (26) does not include, however, the 
existence of the limit value of the damping ratio and that its value decreases at the time displacements in the bottom layer 
occur relative to the top layer (situation when the continuity of contact layer is broken).  
The own proposal of the non-linear model considers that the bottom layer is displaced relative to the top layer. In 
addition, the proposal reflects a relationship between contact layer stiffness and the damping of slabs, which may be used 
for diagnosing reinforced-concrete composite slabs. 
 
Fig. 9. The comparison of variations in the damping ratio determined according to the tests of the slabs P1, P4 and P6 with this calculated according to the 
internal damping model and according to the author's non-linear proposal 
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6. Conclusions 
The investigations undertaken indicate that the stiffness of a contact layer is decisive for the capacity of composite 
reinforced concrete slabs. A loss in the bearing capacity of the slabs characterised by small stiffness of an element 
describing the influence of a contact layer is accompanied by delamination. For those slabs characterised by such an 
element's high stiffness, no delamination is seen. The stiffness of an element describing the influence of a contact layer is 
nonlinear and decreases as the displacement amplitude increases. A similar phenomenon was observed in [17]. 
An analysis of the slab model has shown that as the stiffness is decreasing of an element describing the influence of a 
contact layer so increases the damping of the slab model's vibrations. The above has been confirmed experimentally. In the 
case of slabs featuring a flexible contact layer, a critical damping fraction was growing  as the vibrations amplitude was 
growing from approx. 2% to approx. 6%. Once the maximum value was reached, the critical damping fraction started to fall 
along with the growth of the amplitude. Such fall resulted from a shifted damping character in the joint from viscotic 
damping to damping caused by the friction of the displacing concrete layers.  
An own, defined model of non-linear damping was compared to a model of internal damping described in [13]. The 
model of internal damping is correctly describing viscotic damping and damping in the contact layer before the bottom layer 
is displaced in relation to the top layer. The model does not consider a decrease in the critical damping fraction after the 
displacement of the bottom layer relative to the top layer. 
Presented dynamic tests let predict the failure mode of the slab. It means it’s possible to say if the slab under maximum 
load will be delaminated. Submitted test results don’t give rise to describe the role of vertical reinforcement and type of 
joint surface on slabs load capacity. 
The findings presented sets a basis for the currently developed method of forecasting the bearing capacity of reinforced 
concrete composite slabs according to delamination.  
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